I. Introduction
A recent contribution to potential theory is characterized by the names of Lebesgue, Wiener, Kellogg, Vasilesco and Bouligand. Central features of this contribution are the notions of capacity and of regular boundary point, which are related to each other by Kellogg's hypothetical lemma.f A recent memoir by de la Vallée Poussin reinterprets these theories in the light of potentials of positive mass and the Poincaré sweeping out process.{ In the present memoir, the author's aim is to push on the development of these central problems of mass distribution, regularity, capacity, and approximation, and to answer definitely some of the questions which have become important. Fortunately there is already at hand, in the analysis of the general integral or linear functional of Radon, Daniell, and F. Riesz, the precise mathematical tool which is necessary. § 1. Integrals and potentials. Let F be a closed bounded point set, T the infinite domain lying in the complement of F, whose boundary t consists entirely of points of F. We consider an arbitrary distribution of positive mass fie) on F, finite in total amount.|| The potential of this mass, at a point M, is given by the generalized Stieltjes integral * Preliminary reports presented to the Society at the meetings of December 29, 1932 , October 28, 1933 , and December 27, 1933 received 
I f 4>(P)df(E-eP) ¿NfiE),
and if <pi(P) and c/>2(P) are bounded and continuous in W and identical on E, then (4) f 4>i(P)df(E-eP) = f 4>i(P)df(E-eP).
J w J w
So much is seen, for (3), by taking the Stieltjes integral as the limit of a Riemann sum on a net ; and (4) is an immediate consequence of (3). But further, if the set E is merely measurable Borel, and <p, 4>i, 4>i are merely measurable Borel in W, then (3) is valid if \4>(P)\ ¿N on E, and (4) if 4>i(P) =4>2(P) on E, provided the integrals are convergent.
In fact, if we define the class To, of Daniell, as the class of functions <p(P) on E which can be extended so as to be bounded and continuous in W, and take the range of the variable P as the set E, the integral defined by the equation I = f 4>iP)dfie) = ( 4>iP)dfiEeP) is uniquely determined by the values of <£(P) on E, satisfies the postulates (C), (.4), (Z,), (P) of Daniell,* and is therefore a general /-integral on E. It is merely the postulate (7.) which requires attention :
(£) If 0i(P) ^4>2(P) ^ • • • on E and lim (ra= °o)0n(P) =0 for all P in E, then lim (ra=°o) /(</>") = 0.
If E is closed, the <f>n(P) approaches 0 uniformly on E, and (3), for continuous functions, yields the conclusion (L). If E is not closed, and <px(P) 2= Nx on\E, the lesser, nevertheless, of the two values <f>x(P), Ai forms a continuous function \p(P) on W. Moreover I(\p) =I(<pi) by (4). Hence without loss of generality we may suppose <£"(P) ^ Ai in PF. Now, given «>0, E contains a closed set Ex, such that f(E)-f(Ei) <e/Nx; moreover/(e-[7£ -Ex]) is a positive distribution of mass. We have 7(0.) -7i(0") = J <t>,XP)dfiE-eP) -J <PniP)dfiEx-eP) = j <j>niP)dfi[E -Ex]-eP) < Nx*/Nx = e.
But lim 7i(0n) =0; whence lim /(#") ^e. Consequently also lim /(<£") =0.
Let T" be a spherical region of radius p and center Q, and denote by t/f (Q) the contribution to the potential at Q due to the mass on Tp. We note, with de la Vallée Poussin, that if U(Q) is finite, (5) Urn Ur(Q) = 0.
In fact, given e>0, we can choose N so that on E, J(9) = c/(</>); (A) If 0(P)=*,(P)-|-fc(P) on £, 7(e) = /(¿i) +/(*»); (P) H *(P)ë0 on P, (#)ë0. If these postulates are satisfied for functions of the class To, which has to be closed with respect to the operations of addition, multiplication by a constant, logical addition and logical multiplication, they remain as properties for the class of functions to which the operation I is generalized. This class in our case contains all those functions on E which arise from functions bounded and measurable Borel on W.
[March Hence, with this value of N, since the integrands are positive, J* V(Q, P)df(T,-eP) > UTpiQ) -e/2, for all p.
But hNiQ, P) is bounded and lim (p =0)/(r") =0, since otherwise C/(Ç) would be + oo ; and we can therefore choose p0 >0 so that j h»iQ,P)dfiT,-eP) <t/2, p¿p0.
Whence
Vr,(Q) < «, P ¿ Po-2. Potentials and superharmonic functions.
A function u(M) is superharmonic in a bounded domain Q if (i) it is lower semicontinuous in 0, not identically equal to + °o, and (ii) given any regular closed surface cr, contained with its interior in fi, and any function v(M) continuous within and on cr, harmonic within cr, such that v(M) ¿u(M) on a, then also v(M)¿u(M) within o-.f For (ii) may be substituted the statement that u(M) is at least as great as its mean on any spherical surface of center M and radius p, for all p sufficiently small, depending on M. Instead of a spherical surface, a spherical volume may be used.
It will be convenient to speak of a function simply as superharmonic if it is superharmonic in every bounded domain, and as superharmonic in an infinite domain if it is superharmonic in every bounded domain contained in the infinite domain.
Let fli be any domain contained with its boundary ß* in ñ. A function which is superharmonic in Ü cannot take on its lower bound b for Qi at any point of Í2i unless it is identically constant. On the other hand, given e>0, the set of points in fíi + fii* where w(lf) ¿b+e is closed and not empty. Hence uiM) must take on the value b at some point of Q*. It is F. Riesz's fundamental theorem that w(Af) may be written in Qi as the sum of a potential of a distribution of positive mass on Qh finite in total amount, and a function harmonic in Sli.%
The potential U(M) satisfies the conditions (i), (ii), and accordingly is superharmonic.
Conversely, */ «(Jlf) satisfies the conditions (i), (ii) in W, is harmonic outside F and vanishes continuously at », it must be the potential U(M) of a distribution of positive mass on F, finite in total amount.]
In order to prove this statement we apply the theorem of F. Riesz to a spherical region Oi, of radius p and center at a point of F, which contains F in its interior. Since u(M) is harmonic outside F the distribution of positive mass must lie on F. Given e>0, we take p so large that the potential U(M) of this distribution is -Ze/2 on ß*, and also so large that |m(M)| is èe/2 on Oi*, and write, for all M in W, 2.1. Increasing sequences of potentials. A function which is the limit of an increasing sequence of superharmonic functions and is not identically + oo is also superharmonic. A similar proposition is the following : Theorem. A function u(M) which is the limit of an increasing sequence of potential functions U"(M) of positive masses /"(e) on F, such that /"(F) is bounded, independently of ra, is also a potential of a positive distribution /(e) on F, with /(F) = lim/"(F).
In fact, «(M) is not identically + °o since the convergence of the sequence is uniform outside a sufficiently large sphere. Hence «(M) is superharmonic. Moreover, as is well known, f there exists (by the Cantor "diagonal process") a subsequence /"¡(e) and a rectangular neti?, such that for every mesh a of R we have 
lim J 4>dfm = f 4>df.
The equations (6), (7) are characteristic of what Radon calls weak convergence.% Let UiM) be the potential oí fie). We show that UiM) = uiM), by using the mean value on a spherical surface.
2.2. Mean value on a spherical surface. Denote by Auiß, Q) the average value of a function w(Af) on a spherical surface C(ß, Q) of radius p and center Q--
We have, for the potential UiM),
from the fact that fc [1/iMP) ]dM is the potential at P of a uniform distribution on Cip, Q). But hll'iQ, P) is a continuous function of P. For any superharmonic function u, we have (9) uiQ)= lim Auip,Q).
For uiQ) ¿lim inf (p = 0)/l"(p, Q), being lower semicontinuous, and uiQ) Au(p, Q) from the property (ii) ; that is, uiQ) has what may be called the "super-mean"
property. Hence lim ip=0)Au(p, Q) exists and satisfies (9). (7) is, in fact, Radon's definition of weak convergence. For the sake of its more evident relation to the structure of the Stieltjes integral, however, we shall say that the sequence of positive mass distributions {/"(«) ) converges weakly to /(e) if fn(W) is bounded, independently of n, and lim («= °°)/«(")=/(«) for every mesh a of some rectangular net.
Moreover, from (ii), it is evident that if u(M) is superharmonic, ^4u(p, Q) is monotone increasing as p tends to zero. In particular, 77(0= Um (p = 0)
Au(p, Q).
Returning to the statement to be proved, we note that from (8), since the Un form a monotonie sequence, Au(p,Q) = Um Au,(p, Q), and from (8'), by means of the weak convergence property (7), Au(p,Q) = lim AUniip,Q).
ni=<v Hence Au(p, Q) =Au(p, Q), and accordingly, by (9), u(Q) = U(Q).
But this is what was to be proved. If we take the integral over a large spherical surface C, we have fc(du/dn)da = xim.(n=^)fc(dUn/dn)do, or /(F)=lim(ra = oe)/"(F).
Evidently a sufficient condition that /"(F) be bounded is that u(M) be not identically infinite. For in that case un(M) will converge uniformly to uiM) in any closed region which has no points in common with F.
3. Generalized derivatives. We recaU some properties of generalized derivatives, with special relation to the potential function.f Since the space integral of 1/(MP2) extended over a bounded domain ß is convergent,-in fact, for every P,
where d is the diameter of the domain,-it is easily verified that the quantity
a being a fixed direction in space, is a summable function, spatially, of M, and that
We denote by <£<,(«) the function of point sets generated by f,UaiM)dM. It is absolutely continuous. Moreover, since wherever U Xi/M), UyiM), U.iM) exist, (12) Ua ( for every spatially measurable point set e. We'denote by DaU the Lebesgue derivative of the absolutely continuous function of point sets $a(e); it exists almost everywhere. In particular, from (13), it exists wherever DXU, DVU, DZU exist, and it satisfies the relations }dfieP) is summable the total mass must be zero, and that on one of these non-exceptional lines / of direction x, if we select a point A where UiA) is finite,
so that UiB) exists everywhere on / and is absolutely continuous in x.f That is to say, on almost all lines with a given direction a, UiM) is absolutely continuous as a function of distance on the line, and its partial derivative exists and has almost everywhere on the line the value dU (15) -= DaU = Ua. da That this relation holds almost everywhere in space follows from the spatial t A generalization of these formulas, for integration along a curve, is given by W. H. Binney, An elliptic system of integral equations on summable functions, in the present number of these Transactions, pp. 254-265; see Lemma C. measurability of the partial derivative numbers. The exceptional set, however, is not shown to be independent of a.
For a surface o, bounding a domain ß, sufficiently smooth for Green's theorem to hold, we have
which is a sort of three-dimensional statement of absolute continuity along the direction a. The author has used the phrase UU is a potential of its vector or generalized derivative DaU" to signify the relation (16') f DJJdM = f U cos (x, a)dM, for all a,
even if dU/da may fail to exist. By Riesz's fundamental theorem, it follows that (16) applies to a function u for a bounded region ß contained with its smooth boundary within any domain in which u is superharmonic.
4. Further properties of the average. Riesz's theorem. In order to illustrate further useful properties of the average we shall give a brief proof of the theorem on the resolution of a superharmonic function into a potential and a harmonic function, in line with the ideas of F. Riesz and T. Radó.
Denote by u(p, Q) or au(p, Q) or, for brevity, u", the average of a function u(M) over a spherical region T(p, Q) of center Q and radius p; we take the same p for all Q. Similarly, denote by u(p , p", Q) or m"<p" the iterated average, obtained by averaging u(p', M) over a sphere of radius p" and center Q.
We have (17) u(p,Q) =-fPAu(P,Q)p2dp, if we write uiQ) =«(0, 0, 0), w(ikf)=«(x, y, z), «(P)=w(x+£, y+17, z+J"), and formulate explicitly the averages, we see that the successive averaging operations are commutative; that is, for all p sufficiently small uip,p',Q)=---I dxdydz---I m(x + £, y + 17, z + C)dtdr¡dC
which is a substitute for the condition (ii), and makes w(p, M) superharmonic. A similar demonstration applies to the A -operation. Again let uiM) be superharmonic in ß. The function uipi, p2, • ■ ■ , pk, Q) is a weighted mean of uiM) over a sphere T(pi+p2+ • • ■ +pk, Q), such that u(pi, Pi, ■ ■ ■ , Pk, Q) ¿uiQ). Moreover, since uiM) is lower semicontinuous, uiQ) ¿lira inf ÍM = Q)u\m) ; hence lim w(pi, p2, • • • , pk, Q) = uiQ), Q in Í2, as pi, Pi, ■■ ■ , Pk tend independently to zero. In particular, (19') lim«<»>(p,0=«(e), QinO, P=0 where «<*>(p, Af) =«(pi, p2, • • ■ , pk, M) with pi=p2= • ■ • =pk=p, and increases monotonically as p decreases to zero. Let D be a bounded domain, Í2 a domain contained with its boundary Q* in Z). Let fi" ¿ = 1, 2, 3, be intermediate domains with boundaries ß,* such that we have ß + fi* in ßj; ß,-+ ß<* in ßj+i, i -1, 2; ßj + ß3* in D, and ß,* is sufficiently smooth for application of Green's Theorem to regions bounded internally or externaUy by it.
Theorem or F. Riesz. If uiM) is superharmonic in D, it may be written in the form
where UiM) is the potential of a distribution of positive mass on ß, finite in total amount, and viM) is harmonic in ß.
sequence of continuous superharmonic functions, with limit uiM), in a region ß4 which contains ß3+ß3*; for instance, let u{p)(M) be the average u(l/(po+p), M), with po fixed and sufficiently great. Define
where wp(M) is the function which is harmonic in ß3 -(ßi+ß*) and takes on continuously the boundary values u{v)(M) on ß* and ß*. Then up(M) is continuous in ß4 and evidently possesses the super-mean property. It is therefore superharmonic in fl4. Moreover the sequence uP(M) is monotonic-increasing, and ^u(M), converging accordingly to a function w(M), superharmonic in ß4. We note that w(M) is harmonic in ß3 -(ßi+ß*) and identical with u(M) in ßi+ß*.
We take 4p small in comparison with the distances between ß* and the boundary of ß4, between ß* and Of, and between ß* and ß*; and consider the function w(p, p, p, p, M) = w(i)(p, M), which is superharmonic in a region which contains ß3+ß3* and is identical with w(M) in a neighborhood of ß2*, where it is harmonic. The function ww(p, M) has continuous third-order partial derivatives, and tends, increasing monotonicaUy, to wiM) in a domain which includes ß3, as p tends to zero. By means of Green's theorem, as applied to ß2, we have the decomposition w^ip, M) = t74(A7) + VoiM), M in ß2, where ?74(Af) is the potential of a distribution of positive continuous density on ß2, finite in total amount, and where v0iM) is harmonic in ß2, continuous on ßü+ß*. Since VoiM) involves merely the boundary values of ww and dww/dn on ß2, it follows that v0(M) will remain independent of p, as p tends to zero.
The potential Ut(M) therefore increases monotonicaUy as p tends to zero. Moreover, since Ut(M) is identical with w(M) -v0(M) in the neighbor-hood of ß2, and is harmonic there, the total mass is given by 4x times the integral of the normal derivative of w(M) -VoiM), and does not involve p. Hence by the theorem of §2.1, the function t7i(ilf) = lim UiiM)
is the potential of a distribution of positive mass fie) on a bounded set, and is bounded in total amount.
We have
according to the conditions of the theorem.
II. Limiting values of potential function
In general terms it seems safe to say that the potential of a positive distribution of mass is greater where mass is than where it is not. In fact, the potential cannot take on its upper bound at a point of positive distance from the mass, being harmonic at such a point. Nevertheless it is evident that a potential need not take on its upper bound at any point whatever in space, and if our naive idea is to be made precise, it must involve the limiting values of potential functions as we approach points of the mass distribution.
We note that for any point M whatever, on account of the lower semicontinuity of UiM), and equation (9) 
M=-Q
For this theorem, T may be any domain containing no points of F, whose boundary / consists of points of F.
On account of (1) it is sufficient to prove that lim sup UiM) Ú UiQ), M in T.
M=Q
We assume that the theorem is false, and that therefore there is a sequence of points Mi, M2, ■ ■ ■ in T, and a number e>0, such that (4) UiMi) > UiQ) +e, Urn Mt = Q.
,'=00
Let ei, 6s, ■■. be a sequence of positive numbers such that
Let Tip, Q) be an open spherical neighborhood with center Q and radius p, small enough so that the contribution UTfiiQ) to the potential at Q from the mass on F Tip, Q) satisfies the inequality (see (5) §1)
Ur,iQ) < eilt follows therefore that UW-r,iQ) > UiQ) -ex.
We suppose also that p is small enough so that, for P in í-r(p, Q), UiP) < UiQ) + H.
But Uw-tp(P) is continuous at Q lor any method of approach; let therefore Tib, Q) he a second spherical neighborhood, concentric with T(p, Q), with b <p, b being small enough so that, for P in r(5, Q),
Thus we have UFpiP) < UiQ) + e2 -(7/(0 -6i -e3), i^rp(P) <ei + 62 + 63, P'mtTiS,Q).
Denote the distance M{Q by ô\; we may assume without loss of generality that 5, < 5/2 for all i. Let Qt be a point in F at the minimum distance, say bi', from Mi. Such a point Q,-exists, since F is closed; moreover Qt lies in /, since otherwise the segment QiM{ would contain a point of / nearer to M¡ than Qi. Further, Q, lies in r(<5, Q), since QQí¿QMí+MíQí<o/2 + 8/2. Finally, lim (i= oo)Qi = Q.
We have (6) QiP ¿ QíMí + MiP ¿ 2MiP, P inP-r(p, Q).
In fact, QíMí = Oí', MtPHi/. Also, for P in F-FYip, Q), 
Ç,P<fl + -^Wp, PinF-P-r(p,0.
Now, from (6), (7) UiMi) < UiQ) + a+ 2i2 + e3 + 64 < t7(0 + e. But this statement contradicts (4). Accordingly the proof is complete.
Corollary.
Let Q be a point of t, isolated or not, and UiQ) = + °o. Then lim UiM) = UiQ), M inW.
M=Q
In fact, this is equation (1) in this case. 5.1. Frequency of points of continuity. Let the set / be without isolated points; it is then perfect. Let Ti be any closed spherical region which contains F in its interior. The functions Tjmrp) = f WO*, P')dfieP.) is a function of the first class of Baire on Ti. It is therefore punctually discontinuous on IVf Given any perfect subset E of t (for instance, all the points of í in a closed spherical neighborhood of a point P of /) there will be points of E at which î>(P) is continuous, considered only on E. In other words, admitting + oo as a possible value of U, we have the following proposition :
Theorem. If t is perfect, and P is given in t, then in any neighborhood of P there is a point Q of t such that lim UiP') = UiQ), P' int.
P'=Q
By an application of the theorem of §5 we have the following corollary: Corollary I. If t is perfect, and P is given in t, then in any neighborhood of P there is a point Q of t such that lim UiM) = UiQ), M inT + t.
M=Q
The following corollary may also be stated, and proved in the same manner as the above. In fact, in the theorem of §5 we may replace / by F, and T by CF, although CF is not necessarily a domain, Q being a frontier point of CF. 
Corollary
II. If F is perfect and P is a point of F, there will be, in any neighborhood of P, a point Q of F such that
This coroUary affords an immediate proof of KeUogg's Lemma (see §18). 6. The superior limit of the potential function. We return to the set t as in §5, which is closed but not necessarUy perfect, and let F be a bounded or an unbounded domain.
THEOREM.t Let Q be a point of t, not an isolated point, and let k, assumed to be finite, be the superior limit of U(P), P in t, as P tends to Q. Given e>0, we can find Qx in t, arbitrarily close to Q, so that (9) lim sup U(M) < U(Qx) + 6 < ft + 2e, M in T. u-Q, With 6i, es, • • • as before, we choose a neighborhood ß of Q of diameter small enough so that U(P) <ft+e2 for P in /• ß. For Qx we take any point in /•ß for which U(Qi) >k-es; this choice of Qx is possible by definition of ft. The proof of the theorem from this point on is substantially that of the theorem of §5, with Q oí §5 replaced by Qx. Hence it need not be repeated here.
The foUowing simple remarks supplement the theorem just given. I. If Q is an isolated point of t, either U(M) is continuous (and harmonic) at Q, or else Um (M = Q) U(M) = U(Q) = + oo, for M in W.
If there is no mass on Q, U(M) is bounded and harmonic in the neighborhood of Q and continuous at Q, therefore harmonic at Q. If there is a point mass at Q, U(Q) = + oo, Urn (M = Q) U(M) = + ».
II. Let 2 be any domain and s its boundary, Q any point of s. Then (10) lim sup U(P) ^ lim sup U(M), P.Qins, M in 2.
P-Q Jf=Q
For there exists a sequence of points P< of s, tending to Q, such that lim U(Pi) exists and equals lim sup (P=Q)U(P).
But there is a sequence of points Mi in 2, JJ7.P,-<e/2{, U(Mi)>U(Pi)-e/2i, e given >0; for U(M) is lower semicontinuous. Hence, admitting the value + oo as a possible limit, the equation (10) is established.
t The theorem is slightly sharper than the lemma of §2 of G. C. Evans, Application of Poincari's sweeping-out process, Proceedings of the National Academy of Sciences, vol. 19 (1933) , pp. 457-461, but the proof is quite similar. In the cited lemma I was assumed to contain all the mass, instead of being merely a frontier of the mass, as here.
The theorem of §4 is a corollary of the above, by taking Qi = Q.
III. We leave unanswered the questionf (10') u.b. J7(P)(P in t) -u.b. UiM)iM in T)?
7. Inferior limit of the potential function. We shall see in §7.2 that there may exist points of the mass where the potential is actually less than its lower limit for approach not on the mass. For their consideration there is no gain in restricting the sets in which they lie to points of the mass, specifically, and accordingly we discuss them with reference to the sets s, 2, B of §1. We are thus dealing with the properties of potentials as positive superharmonic functions rather than as explicitly given integrals.
If there exists a potential UiM) of positive mass on F such that (11) UiQ) < lim inf UiM), Q in s, M in 2, M=Q we say that Q is an exceptional point of s with respect to 2 ; similarly we speak of exceptional points of 5 with respect to 2+2?, etc. As is evident from the definition, we are dealing with geometrical properties of the sets in question.
We use the symbol Cip, Q, E) for the portion of the spherical surface Cifi, Q) which is common to it and a set E, measurable Borel. Such a portion is also measurable Borel.
7.1. Special cases. We prove the following theorem: Corollary.
.4ra exceptional point of s with respect to 2 is a point of s of spatial density unity in s+B. If s is a set of Lebesgue spatial measure zero it has no exceptional points with respect to 2+5.
We remark that the exceptional points of s with respect to 2 must all be regular boundary points of 2, since an irregular boundary point of 2 cannot be a point of spatial density unity on s+B (see §23, below).
Perfect totally disconnected sets, of which the typical example is the spatial discontinuum, need not be of zero spatial measure. But they are closed sets of dimension zero in the sense of Menger. The following theorem about such sets may be proved very simply.
Theorem II. If s is of dimension zero at Q, Q cannot be an exceptional point with respect to 2. If s is of dimension zero, none of its points are exceptional with respect to 2.
If s is of dimension zero at Q, in any neighborhood about Q there is contained a neighborhood ß, to which also Q belongs, whose boundary ß* contains no points of s. The set ß* is at a positive distance from the closed set s, and, for ß small enough, since it contains at least one point of 2, lies entirely in 2. The lower bound of U(M) for ß is taken on at some point Mx of ß*. Hence by taking a sequence of neighborhoods with diameters which approach zero as a limit we obtain a sequence of points Mx, M2, ■ ■ ■ , Um Mi = Q, Mi in 2, such that U(Q) ^ U(Mi).
The second part of the theorem is a consequence of the first, for a set of dimension zero is of dimension zero at every one of its points.
7.
2. An exceptional case. The accompanying figure illustrates a point Q of s for which lim inf (ilf = Q) UiM) > UiQ), M in 2. The set B is vacuous, and F=s, mass being deposited only on s.
We construct a surface of revolution St, made in part of a sphere with center O and in part of an exterior Lebesgue spine with vertex at Q, the sphere being pierced opposite Q on QO, so that the complement of Si becomes a domain. To Si is applied a conductor potential distribution (see §15) with potential UiiM). The point Q being irregular for the domain W-Si, we know, from the symmetry of the figure about OQ, that, as M approaches Q along the extension of OQ (from the right, in the figure), lim UiiM) = UtiQ) -1 -* < 1.
We now adjoin to the end of the spine, on the same axis of revolution, a closed surface of revolution S2, exterior to St, such that on S2, in the neighborhood of Q, UiiM)tl-k/2. Throughout B2, the region interior to St, we distribute a uniform mass, of density sufficiently small so that its potential nowhere exceeds the value k/S. Accordingly the inferior limit of the potential of the total mass, for approach to Q, is still obtained by a path through the region B2. In the figure so far constructed we have F = B2+Si+S2. We may now eliminate the interior mass and still retain the desired property. Denote by cr the projection of B2 on the x, y plane, and let the points P* of <r, for which x and y are both rational, be put in countable order. With Rk as center of base, construct a cylindrical surface crk of length I, long in comparison with the diameter of S2, remove the mass from the interior of the tube, and place a uniform mass on the surface of the tube, so that (i) the potential of this mass at any point in the set 0k common to the interior of the tube crk and to B2 shall be è 2,
(ii) the potential of this mass at Q shall be <2-<(£/8),
(iii) the tube <rk shall be exterior to the tubes ai, cr2, • • • , ak-i, if Rk is exterior to them; otherwise Rk shall be omitted from the sequence, (iv) the sum of the masses on all the crk shall be finite. This construction is possible, since a segment of a straight line is a point set of zero capacity in three dimensions; that is, any positive charge on the line wiU make the potential infinite at some point.
The set Sx+S2+B-ZOk+F', where F' denotes the closed cover of 2<rt, is closed and bounded. We take this set as the set s, and denote by U(M) the potential of the masses distributed on s. For 2 we have the entire set complementary to s. We have evidently
Incidentally, we know that j is of positive spatial measure, of set density 1 at Q, and that Q is a regular boundary point of 2. 7.3. A theorem on the inferior limit. We prove the following Theorem. Let Q be a point of s, x, y two arbitrary directions at right angles, ß an arbitrary neighborhood of Q. Then Q is not an exceptional point of s with respect to 2+P unless the set Q-s contains a family of closed rectangular contours, with directions parallel to x, y, whose vertices constitute a set of positive spatial measure.
Let z be a direction normal to x, y. Denote by T(p, Q, E) the portion of T(p, Q) which lies in the Borel measurable set E. Then (14) r(p,<2,£)= f'c(p,Q,E)dp.
Jo
Suppose the theorem is not true, and thus that On almost any plane z = const., UiM) is continuous along almost all lines x = const, and y = const, (see §3). Select then a non-exceptional plane z = Zo, which cuts r(po, Q, E) in a set of positive superficial measure, and in this plane a line y = y0, which cuts T(p0, Q, E) in a set Ex of positive linear measure. On almost all lines x = const., whichpass through points of Ex, UiM) is continuous.
There is a closed subset Fx of Ex of positive measure, such that Um (y=yo) Uix, y, z0) = i7(x, y0, Zo) uniformly, for x in Fx; that is, ¿5'>0 exists so that (17) Uix, y, zo) -Uix, y0, z0) < h/4, | y -y01 ¿ 5', x inP«.
In fact, let {y,} be a sequence of values, tending to y0. Since <7(x, y, z0) is lower semicontinuous, the sets of points in a rectangle a<x<b, y o >y > y,-, contained in Tip, Q), where Uix, y, z0) >c and where ¿7(x, y, z0) <c respectively, for any c, are measurable Borel; hence their projections on y=y0 are also measurable Borel. But these are respectively the sets where/,(x) >c and <p,(x) <c,fiix) being the upper bound and <p,(x) the lower bound of ¿7 (x, y, z0) considered as a function of y, y0 > y > y,-, for x in the interval a <x <b. Hence fiix) and (p,(x) are measurable Borel, and lim fiix) = Uix, y0, Zo), lim c6,(x) = £/(x, y0, z0), x in Ex.
But, by Egoroff's theorem, corresponding to the sequence {i}, there is a closed subset Fx of 2ït, of measure differing arbitrarily little from that of Ex, such that the approach of /¿(x) and <p.(x) to their limiting values is uniform, for x in Fx. Also, for yo > y > y,-, c>,-(x) -í/(x, y0, Zo) ¿ Uix, y, z0) -Z7(x, y0, z0) Si fiix) -Uix, y0, z0), so that the approach of the middle member of this inequality to zero is uniform for x in Fx. For almost all the points of Fx the linear set density of Fz is unity. Select one of these non-exceptional points (x0, yo, z0). For almost all lines y = const. in the plane z=Zo, U(M) is continuous. We may therefore apply the sort of argument just used in the case of Fx to the neighborhood of y0 on the line x = x0. There exists then a set F" in y, | y-yo | ^ b', of positive measure on the line x = xo, and a 5" >0 such that (18) U(x, y, s«) -U(xo, y, z0) < h/A, for | x -x01 < S", y in Fv.
We may choose the (x0, y0, z0), b', b" so that the entire figure lies in the sphere of center Q and radius p0. Consider then a rectangle in z = za, composed of two lines x = Xx, x = x2, xx,x2inFxandtvfO lines y=yx, y = y2,yx,y2 in Fv, with |*i -*o|, \x2-x0\ <b", and |yi-yo|, |y2-yo| <b'. This rectangular contour lies entirely in s. In fact, for any point on a side parallel to x, say (x, yx, z0), we have U(x, yx, Zo) -U(x0, yo, z0) U(x, yx, zo) -U(x0, yx, z0) + U(x0, yx, z0) -U(x0, y0, z0) < Ä/4+ Ä/4 = k/2, by (17), (18). But by the third of equations (16), since P = (xü, yo, z0) lies in r(po, Q, E), M = (x, yx, zi) cannot lie in 2+P. Also for any point on a side parallel to y, say (xi, y, zi), we have U(xx, y, zo) -U(xx, y0, zi) < h/á. But (xi, yo, zi) lies in r(p0, Q, E) ; hence (xx, y, z0) cannot lie in 2+P.
The set of points (xx, yx, z), (*2, y2, z), (xi, y2, z), (x2, yx, z), vertices of rectangular contours which lie in s, for which | x2-Xx\ ^a, | y2-yi| ^.b, is closed. Hence the set of vertices of all the contours of the theorem, for given directions x, y, is measurable Borel. But, as we have proved, this set cannot be of zero measure spatially. This completes the theorem.
It will be noticed that Theorem I of §7.1 relates to measure and Theorem II of §7.1 is topological in character. The present theorem partakes of both characters. A set which has an exceptional point, by this theorem, cannot be of zero spatial measure, since it must contain a set of vertices of positive measure; it cannot be of dimension zero, since the neighborhood of an exceptional point must contain contours of dimension one. 7ra the plane, and for logarithmic potential, a boundary set s which contains an exceptional point with respect to the complement 2+P of s contains a family of rectangular contours, with sides parallel to given orthogonal directions, whose vertices constitute a set of positive superficial measure. It follows then that if s is a boundary set and occludes no points from infinity it has no exceptional points. This is a topological theorem of which the analogue in three dimensions, as illustrated in §7.2, is not valid. where D is any bounded region; on the other hand, the integrals extended over the portion W-DoiW, where D is taken sufficiently large, are identical. The condition is also sufficient. In fact, it is well known and immediate that if <pi(M), 4>iiM), ■ ■ ■ form a sequence of not negative summable functions, which have a limit, lim (i = °o)cp,(lf) =<p(M) almost everywhere on a perfect set E, then (7) lim inf | 4>iiM)dM è f 4>iM)dM, Hence { 77U(M)}2 is summable over W. We have also immediately the following corollary:
Corollary. If UiM), ViM) are two potentials of positive masses on F, finite in total amount, such that DiU) and DiV) converge, the integral D{U, V) also converges, and (8) DiU, V) = lim £(£/",, V,..), as p' and p" tend independently to zero.
The convergence comes immediately from the inequality 2| 77(U, V)\ ¿Í7/U)2+Í7jV)2; the limit property is a consequence of the uniform absolute continuity, as in the proof of the theorem.
10. The energy equation. We prove the following
